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Scattering Coefficients of an Inductive Strip
in a Finline: Theory and Experiment

JEFFREY B. KNORR, SENIOR MEMBER, IEEE, AND JOHN C. DEAL

Abstract —Tfds paper deseribes the application of the spectral-domain

method to the computation of the scattering coefficients of an inductive

strip in a millimeter-wave finline. Measured scattering data are compared

with numerical data to establish the accuracy of the resufts. The predicted

and measured res$onses of severaf finline resonators are also compared.

I. INTRODUCTION

T HE USE OF firdine as a transmission structure for

millimeter-wave integrated circuits was first proposed

by Meier in 1974 [1]. Since that time, the practical utility of

finline has been discussed in the literature by numerous

authors and various theoretical analyses have been pub-

lished. Recentlyj a comprehensive review, “The status of

printed millimeter-wave E-plane circuits,” was published

by Solbach [2]. That review contains an exhaustive list of

references to the existing literature so that effort will not be

duplicated here. Finline has become established as a viable

structure and, therefore, analyses contributing to its effec-

tive utilization are of widespread interest.

The spectral-domain method has proven to be a particu-

larly versatile technique for analyzing the behavior of

planar transmission lines in general and finline in paticu-

lar. Knorr and Shayda have applied this method to de-

termine the transmission characteristics of finline [3] and

Jansen [4] and Knorr [5] have used it to investigate the end

effect in a shorted finline. The natural extension of the

spectral-domain technique to various discontinuity y prob-

lems has been pointed out by Knorr [5] and by Koster and

Jansen [6], [7].

One discontinuity of considerable practic~ importance

is the inductive strip in finline. It is used to construct

simple resonators as well as more complicated multireso-

nator filters. The geometry for an inductive strip is il-

lustrated in Fig. 1, and a cross-sectional view of the finline

in which the strip resides is shown in Fig. 2. The electric

field in the plane containing the fins is predominantly in

the x-direction. A wave incident on the strip induces a

current on the strip and the associated stored magnetic

energy of the evanescent field gives the strip its inductive

property. If the strip is very long, the field decays with

distance and the strip behaves like a shorting septum [5]. If

the strip is sufficiently short, the incident wave is partially

backscattered and partially forward scattered. The scatter-
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Fig. 1. View of finline inductive strip of axiaf length T centered in a
finline cavity.

t’

Fig. 2. Cross-sectionaf view of a finline.

ing coefficients Sll and Szl are functions of strip width, fin

separation, dielectric constant, and shield size. Theoreti-

cally, the problem may be solved by computing the odd-

and even-mode resonant lengths of finline cavities which

are end coupled by the strip. These lengths are then used to

compute the complex scattering coefficients of the strip at

the specified frequency.

The purpose of this paper is to present the results of

both theoretical and experimental investigations of an in-

ductive strip in a unilateral finline. The problem is treated

theoretically by applying the spectral-domain method to

finline resonators which are end-coupled by a thin, lossless

strip. This permits the scattering matrix of the strip to be

computed, Experimentally, the strips were investigated in

two ways. First, the scattering coefficients for various strips

were measured directly. When the strip resides on a dielec-

tric substrate, however, direct measurement of scattering

coefficients presents serious practical difficulties since the

reference planes for the measurements cannot be easily

established. Thus, a second method, measurement of reso-
nator response, was also employed. Two identical strips

were used to form a resonator, and the strip scattering
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Fig. 3. Coupled finline cavities and basis functions used to expand the
even- (solid) and odd- (dashed) mode electric field.

coefficients were extracted from the resonator response.

Excellent agreement between numerical and experimental

data is demonstrated, thereby establishing the validity of

the computational results. Section II of this paper describes

the theoretical and experimental methods, and Section III

contains the numerical and experimental results. Conclu-

sions appear in Section IV.

II. THEORETICAL AND EXPERIMENTAL METHODS

A. Theoretical Method

The spectral-domain solution of the finline cavity prob-

lem proceeds as described by Knorr [5]. The particular

and for q odd

tive discontinuity is in the center of the structure. The solid

curve in Fig. 3 represents the field distribution of the even

mode and the dashed curve represents that of the odd

mode.

The electric field between the fins may be expanded in

the basis set depicted in Fig. 3 as

Q

et(x, z) =44 ~ l)~~~(z),
~=1

([xl <w/2, t/2< lzl<l+ t/2) (1)

where the F~(z ) are defined as

[

sin(qr/l) [z+(l+t)/2] (z< O,q even)

*sin(qn/l) [z–(l+t)/2] (z> O,q even)
Fq(z) =

cos(q7r,/l) [z+(l+t)\2] (z< O,qodd) “

+cos(q7r/l) [z-(l+t)/2] (z> O,qodd)

(2)

For the sine function, plus (+) applies for the odd mode

and minus ( – ) for the even mode, while for the cosine

function, plus (+) applies for the even mode and minus

(–) for the odd mode.

In the transform domain,

F[e.(x, z)]= ?~(an)~~lB,E~,(~~) (3)

where a. and .$~ are the x and z transform variables,

respectively, as defined by [5, eqs. (4) and (5)]. For q even

[

()(-l)q(qmle/2) ‘ind ,2sin~, ~ (even mode)

()
92– y

E;;(gk) =

()
(-l)”(q7rlo/2) ‘ine 2jcos&, + (odd mode)

()
(32_ $y

[

()(-1) ’(q7rle/2) Cose 2cosfk + (even mode)

()
d2_ y 2

%;($k) =

()
( -1) ‘(qn10/2) Cosd 2jsin ~, ~ (odd mode)

()
~2_ E2

2

(4a)

(4b)

configuration of interest here, end-coupled resonators, is where O = (&~l)/2. I_Jsing Galerkin’s Method with the in-

accommodated by proper choice of modes and a basis set ner product defined as given in [5], we now obtain

with which the fields of the modes can be expanded. The

z-component of the electric field between the fins is as- (G~~E., J%}= O (5)

sumed to be negligibly small. The geometric structure of where E= = O is assumed and where Gll is the Fourier

the coupled cavities and field distributions of the selected transformed dyadic Green’s function component. Assum-

basis functions for the z-dependence of the x-directed ing EX = EJEj yields

electric field e: for both odd and even modes are described

in Fig. 3. The end walls are perfect shorts, and the induc- [({E:(d.)}2G~~E~,(&k), E:,(&))] [B,] =0 (6)
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Fig. 4. View of a finline cavity terminated with inductive septae having

half the length of the inductive strip between the coupled cavities
shown in Fig. 1. The septae are backed by perfect electric walls.

where i and j range from 1 to Q and the E:i and E:j are

sine functions for even index and cosine functions for odd

index. The matrix represented by the bracketed term on

the left in (6) is Q x Q and contains the elements of the

inner product defined over a. and $~ [5, eq. (11)].

Computationally, the first step is to determine the guide

wavelength (see [3]) and then to find the odd- and even-

mode resonant lengths ~f the two coupled cavities. The

resonant lengths are found by computing the roots of the

characteristic equation

It should be noted that a single-term expansion leads to

inaccurate results as discussed in [5].

A compromise must be made between numerical accu-

racy and computation time, which are both affected by the

size of the search interval, limits of summation for the

inner product, iteration accuracy (answer residue), and

number of expansion terms used (order of the matrix). It

was determined through convergence testing that a matrix

of order 8 would permit odd- and even-mode resonant

lengths to be computed with an accuracy of better than 2

percent when W/b = 0.5 or W/b= 0.25. For W/b= 1, a

12-term expansion of eX was used.
Several limiting cases were investigated to check the

correctness of the computer program. First, as the length T
of the inductive strip increases to the point where the two

cavities are uncoupled, the odd- and even-mode resonant

lengths become equal. The end effect is the same as for a

semi-infinite septum [5]. Second, as the length of the strip

becomes infinitesimally small, the odd-mode resonant

length approaches N/2. Lastly, consider a single cavity

terminated at both ends by inductive septae having half the

length of the strip coupling the two cavities Wd backed by

perfect shorting walls as illustrated in Fig. 4. The resonant

length of the odd mode of the coupled cavities is related to

the resonant length of the single cavity by

lo/x. = l/A’ + leq/x (8a)

where

I.,/A’= (1/27r)tan-l(x.q) (8b)

A 4’

II

T

II

*

Fig. 5. Representation of the inductive strip by a two-port network
characterized by the scattering matrix [ S].

and N is the guide wavelength. This last check is useful

since the equivalent reactance x,~ of a variable length

septum in a single cavity has been computed previously [5].

All these limiting cases were checked and the results

were found to be correct to within 0.5 percent. This helped

to develop confidence in the computer program.

The scattering coefficients of the inductive strip can be

computed from the odd- and even-mode resonant lengths.

To accomplish tl@, the strip is represented by a two-port

network as depicted in Fig. 5. The inductive strip is loss-

less, reciprocal, and symmetric so its scattering matrix is

unitary with S12= S21 Wd Sll = S22. The unitary property

leads to

IS211= [1 - p,,]’]’” (9a)

e’, = 811* 7T/2 (9b)

where, in (9b), the minus ( – ) sign is chosen because the

strip is inductive. With reference to Fig. 5, r~ is the

reflection coefficient looking into the perfectly shorted

finline at the reference plane A or A’ and maybe written as

rL = – le-J2p1. (10)

Using (10); the scattering equations may be solved to find

[11 rLe+ rLo
’11 = Z rLerLo

(ha)

[1
1 rLe– rLo

’21= T rLerLo
(llb)

and

rLo = – e-.i4%/~’ (12b)

From (11) and ‘(12), we obtain the final result

Sll = exp [ j2n(le/N + 10/A’)] cos2w(le/N – 10/N)

(13a)

S21= jexp [ j2~(le/N+ 10/N)] sin2r(l,/N - 10/N).

(13b)
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Throughout the above equations, the subscripts e and o

denote the even and odd modes of the coupled cavities.

To summarize, the field equations are first solved to find

the odd- and even-mode resonant lengths of the coupled

finline cavities at a specified frequency. These lengths are

then used to compute the scattering coefficients of the

inductive strip coupling and cavities. It is evident from (13)

that the magnitudes of the scattering coefficients depend

upon the difference between the odd- and even-mode reso-

nant lengths. It is therefore necessary to compute these

lengths very accurately to obtain accurate values for the

scattering coefficients. This implies that eX must be ex-

panded in a basis set that can approximate the true field

distribution with a reasonable number of terms.

B. Experimental Method

The scattering coefficients of inductive strips in finlines

have been measured in two ways. Direct measurements

were made for strips etched from 2-roil-thick beryllium

copper and centered in a WR (90) waveguide shield. The

test fixture (shield) was 15 in long. For those cases where

W/b <1.0, the finline was matched to the WR (90) empty

guide with a linearly tapered section. Except for the length,

the test fixture, shorting blocks, and load are as described

in [5] (see [5] for photographs). An HP 8409B Automatic

Microwave Network Analyzer was used to measure Islll

and Iszl I and dll was measured using a slotted line which

seemed to produce better results.

Indirect measurement of strip scattering coefficients is

also possible. In general, a reciprocal, symmetric two-port

network is characterized by a scattering matrix which has

four independent parameters: Islll, Oil, Iszll, and 13al.Two

identical strips can be used to form a high-Q finline

resonator. It can be shown that the resonant frequency

(~o), Q, insertion 10SS(at ~0), and return 10SS(at ~o) me
determined by the four independent parameters of the

scattering matrix. If the strips (two-port networks) are

lossless, then the situation is even simpler. The resonator

properties are determined by Islll and 011 (see (9)). Con-

versely, the scattering coefficients (at ~.) may be expressed

in terms of the resonator parameters. Measurement of the

resonator response therefore permits the scattering coeffi-

cients to be computed. This approach has the advantage of

requiring no phase information from the measurements. A

scalar analyzer can be used. The approach is particularly

attractive when it is difficult to establish reference planes
for measurement of phase as it is when a strip is printed on

a dielectric substrate. It is also a useful approach if a vector

analyzer is unavailable, as is often the case at millimeter

wavelengths. The disadvantage of this approach, of course,

is that one resonator provides data for the computation of
scattering coefficients at only a single frequency, ~.. Identi-

cal strips must be used to build resonators of several

different lengths (different ~o’s) to obtain values of scatter-

ing coefficients over a range of frequencies.

The derivation of the relations between resonator char-

acteristics and strip scattering coefficients is lengthy.

Therefore, a simpler and perhaps more satisfvin~ atmroach

will be used here. Numerical and experimental resonator

insertion loss data will be presented and compared. Com-

puted strip scattering coefficients have been used in the

MICRO-Compactm program [8] to predict the resonator

response numerically. The agreement between the pre-

dicted and measured response of the resonator is thus a

good indication of the accuracy of the computed strip

scattering coefficients. Since strips are used to build practi-

cal components such as filters, this type of comparison

would ultimately be desired anyway and is therefore quite

satisfying.

III. NUMERICAL AND EXPERIMENTAL RESULTS

The spectral-domain analysis described in the previous

section was implemented in a computer program, FINCAV.

Numerical data generated using FINCAV were compared

with experimental data to verify the accuracy of the com-

putational results. To ease measurement difficulties, all

measurements were made using X-band test structures.

Shield size was 0.4 in X 0.9 in (WR (90)), and for those

cases where no dielectric was present, the fins were centered

in the shield. For W/b <1.0, a linear taper was employed

and where dielectric was present, a dielectric taper was

used for matching purposes. Return loss for back to back

tapers was measured and found to be greater than 20 dB.

Direct measurement of scattering coefficients was accom-

plished using both a slotted line and an HP 8409B Auto-

matic Vector Microwave Network Analyzer. In those cases

where two inductive strips were used to form a resonator,

the response was measured using an HP 8756 Scalar Net-

work Analyzer with an HP 8350 Sweep Generator and

plotter. Since a considerable amount of experimental data

was collected, only representative results will be presented

here.

A. Scattering Coefficient Measurements

Direct measurement of inductive strip scattering coeffi-

cients was made for several cases where no dielectric was

present (c,z = 1). With no dielectric, it is easy to establish
the reference planes required for the measurement. Fig. 6

and 7 show Isll I and (311for several strips in finlines with

W/b =1. In the worst case, the difference between numeri-

cal and experimental data is about 7 percent. The rms error

is much less. Similar data for W/b = 0.25 is shown in Figs.

8 and 9. The worst-case difference there is 5 percent. Data

for .sjl is not presented here since similar agreement was

obtained. For lossless strips, szl can be found from Sll

using (9).

B. Resonator Measurements

A number of resonators were constructed using two

identical inductive strips. Analysis shows that the resonant

frequency is determined by

011= 2d/x (14)

where 1 is the distance between the strips. The shape of the

transmission response curve over the band is determined

by both Islll and 611. As mentioned earlier, SIl completely

defines the behavior of a lossless strip (see (9)). The reso-
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nator approach is particularly attractive when C,z >1 be-

cause it is difficult to establish reference planes for vector

measurements.

The FINCAV program was used to compute scattering

coefficients for the resonator inductive strips. The strips

were modeled as two-port black boxes in MICRO-Com-

pactm, and the computed values of the scattering coeffi-

cients were supplied as data for the 8–12-.GHz band in

1-GHz steps. The resonator response predicted by MI-

CRO-Compact@ was compared with the measured re-

sponse. Results for two resonators, one with dielectric and

one without dielectric, will be presented here.
.,
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Fig. 8. Isll 1versus frequency for a T= 0.2-in inductive strip centered in
a WR (90) finfine with W/b = 0.25 and C,z =1.0.
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Fig. 9. 011 versus frequency for a T= 0.2-in inductive strip centered in
a WR (90) finline with W/b= 0.25 and crz =1.0.

The first resonator had W,,b = 1.0 and consisted of strips

with length T = 0.22 in separated by a distance 1 = 0.53 in

and centered in the WR (90) shield. The measured trans-

mission response (solid curve) is shown in Fig. 10 along

with the response predicted using MICRO-Compact@

(circled points). The agreement is quite good. The predic-

ted and measured resonant frequencies differed by only 0.5
percent (50 MHz) and the difference in the two transmiss-

ion curves is only about 2 dB. The ripple in the measured

response is due to the low VSWR coax-waveguide transi-

tions which were used on each end of the finline test

fixture.
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Fig. 10, Measured (sofid curve) and predicted (circled points) transmis-
sion loss and return loss for a finline -resonator. Inductive strips with
7’= 0.22 in are separated by 0.53 in and centered in the WR (90) shield
with C,2 =1.0.

The second resonator was identical to the first (within

manufacturing tolerances) except the strips were printed on

a 1/32 in dielectric substrate with 6,=2.5. The substrate

was centered in the WR (90) shield so the fins were

0.015-in off center. Slots extending through the shield walls

were used to support the substrate, and the wall thickness

was chosen equal to one quarter of a dielectric wavelength

at band center, 10 GHz. Ideally, this causes an RF short

circuit to appear at the inside wall but clearly represents a

difference between the computer model and the actual test

fixture. The measured transmission loss (solid curve) of this

filter is shown”in Fig. 11 along with the response predicted

using MICRO-Compact” (circled points). The predicted

and measured resonant frequencies differ by 0.2 percent

(20 MHz). The difference between the measured mid pre-

dicted response is generally 2–3 dB, although there are

clearly several zmoma~es in the measured response below

resonance. These were due to the slot which extended

almost the full length of the 10-in test fixture. This suggests

that the slots should not be any longer than necessary to

support the dielectric substrate. It should be mentioned

that the finline section between the two inductive strips in

this resonator was also modeled as a two-port black box.

Transmission phase data was derived from the cpmputed

finline dispersion. The overall response of this resonator is

almost identical to that of the first resonator except that

the resonant frequency is shifted down about 600 MHz

(approx. 6 percent) by the presence of thq dielectric sub-

strate.

The agreement between predicted and measured reso-

nator response was quite satisfying since strip scattering

coefficients would most often be used in this manner.

C. Errors

Although good agreement between numerical and ex-

perimental data has been demonstrated, some discussion of

the discrepancies is warranted. There are a number of

REF 1
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Fig. 11. Measured (sotid curve) and predicted (circled points) transmis-
sion loss and return loss for a finline resonator. Inductive strips with
T = 0.22 in are separated by 0.53 in and reside on a l/32-in dielectric

substrate with Crz = 2.5, which is centered in the WR (90) ;hield.

sources of error which contribute to the differences seen in

Figs. 6-11. Numerical computations were carried out with

a goal of obtaining better than 2-percent accuracy for the

values of odd- and even-mode resonant lengths. However,

(13) shows that the scattering coefficients depend upon the

difference, (A ~/A’ – ~O/A’), so the si~ may be in error by

more than 2 percent. Another source of numerical error

arises in the prediction of resonator response and is due to

interpolation at frequencies between “’those for which

scattering coefficient data were entered in the MICRO-

Compact” program. Experimentally, there area number of

sources of error. Error in the determination of the refer-

ence plane for vector measurements and error due to “

transitions are discussed in [5]. Other sources of experimen-

tal error include losses, manufacturing tolerances, and in-

strumentation error (principally, sweeper frequency accu-

racy). Finally, when dielectric is used, any slot or groove

used to support the substrate results in a physical structure

which is different from the num&ical model. These factors

easily account for the observed cliff erences between

numerical and experimental data. Considerable effort,

would be required to further resolve the observed dif-

ference.

IV. CONCLUSIONS

This paper treats the general case of an inductive strip in

a finline. The strip may be printed on a dielectric substrate

and any value of O < W/b <1.0 is permitted. Previous

papers have been restricted to special cases and have

generally used other mathematical methods of analysis.

This paper extends analysis to the most general case.

Numerical and experimental scattering coefficient data

are presented for strips, and good agreement is demon-

strated. The transmission response for several resonators

has also been measured and compared with the predicted

response based on use of the computed strip scattering
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coefficients. Results agree within the limits imposed by the

various sources of numerical and experimental error.

Lastly, the data presented here demonstrates the appli-

cability of the spectral-domain technique to this discon-

tinuity problem. This is particularly significant. Since the

spectral-domain technique has previously been shown to

work successfully for various configurations of strips and

slots, the possibility exists that a single program could be

created to analyze the behavior of various planar structures

using this technique.
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